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Turbulence Measurements in a
Ducted Coaxial Flow
RicuArD A. Kunik,* Jack J. LEITHEM, T AND

HERBERT WEINSTEINT
Illinois Institute of Technology, Chicago, I,

Nomenclature
r = radius variable
7o = inner stream initial radius
u = mean velocity
Uo = maximum initial velocity
u’ = rms axial turbulence intensity
v’ = rms radial turbulence intensity
[us"/(uw)(v')] = correlation coefficient between u’ and v’
z = axial distance variable

Introduction

HE mixing of turbulent ducted coaxial streams has been
investigated to a great extent recently because of in-
terest in such areas as thrust augmentation devices and super-
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Fig. 1 Mean velocities.
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sonic combustion chambers. Most of the experimental in-
vestigations, however, considered the case with the inner
stream moving faster than the outer one and reported only
mean velocity data. This investigation was directed toward
the study of the feasibility of gas core nuclear rockets and had
as its object to examine ducted coaxial flows with the outer
stream moving faster than the inner stream.! Mean values
of axial velocity and the rms values of the fluctuations in
axial and radial velocities and the correlation between them
were determined throughout the flowfield. Both the inner
and outer stream fluids were air.

Experimental Technique
Apparatus

The tunnel used in this study consisted of three sections:
1) a square reducing entrance section, 2) a 3-ft length of 6 in.
i.d. sheet metal duet in which a 2.8-in. i.d. inner aluminum
tube was mounted coaxially, and 3) a 4-ft length of 6-in. i.d.
Lucite duct, the lower foot of which was stacked with card-
board honeycomb to prevent feedback of any exit effects such
as swirling of the fluid. The aluminum inner tube extended
6 in. down into the outer Lucite tube so that there was a 23-
ft turbulent mixing text section. (See Ref. 1 for a complete
description.)

The inner air stream was pressure fed in the top end of the
aluminum tube through a fritted glass disk to achieve a uni-
form flow. The outside of the lower open end of this tube was
machine tapered from 0.082 in. to 0.005 in. over an 18 in.
length. This provided a relatively smooth transition from
annular to mixed flow. To reduce the turbulence and tem-
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Fig. 2 Axial turbulent intensities.
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perature effects of the blower, the outer air stream was
sucked through the test section instead of being blown
through.

Data was taken with two channels of Thermo-Systems Ine.
model 1000A constant temperature hot wire anemometers.
Single hot film sensors were used to find mean velocities and
axial rms velocity fluctuations while a cross probe arrange-
ment was used to measure the u'v’ correlation as well as the
radial rms velocity fluctuations.

Results and Discussion

Figures 1-4 give, respectively, mean velocity profiles,
axial turbulence intensity profiles, radial turbulence intensity
profiles, and profiles of the correlation of %’ and v’ for several
axial stations. From these figures several zones of flow can
be seen. At the near axial stations, or initial region, three
zones are visible. The first zone extends from the centerline
to r/ro < 0.8. This zone corresponds to what is sometimes
called the potential core region or the undisturbed inner
stream region. In this zone the inner stream loses its pipe
flow properties and merges with the outer stream. The
'y’ correlation is positive, 4’ and o’ do not vary much, and
the velocity profile changes from that of a pipe flow to that of
the central portion of a mixing region. The second zone is
between 0.8<r/ry<1.6, which contains the growing mixing
region between the streams. Here, the u'v’ correlation is
negative, 4’ and v’ show maxima, and the mean velocity pro-
files show inflection points and large gradients. w«’ is about
509 larger than o’ here as it also appears to be in the other
zones. The ratio of w’ to v’, however, does not appear to be
as great as it does for unconfined coaxial flows.2 The third
zone, 1.6<r/ro<wall, is the wall region where the behavior of
the flow closely approximates that of the wall region in a
turbulent pipe flow. The correlation, %" and v’ all rise rapidly
approaching the wall, peak, and then fall to a zero value at the
wall. This zone does not change much over the whole length
of the field considered. The initial region as seen from the
mean velocity profile plot of Fig. 1 extends to approximately
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Fig. 3 Radial turbulent intensities.
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Fig. 4 Cross-correlation coefficient.

z/ro = 1.2. However, the initial region as seen from Fig. 4,
the u'v’ profile plot, extends to z/ry = 4.

Further downstream, only two zones of flow are visible.
There is a mixing region, r/7,<1.6, and a wall region, r/r,>1.6.
The mixing region profiles are all similar in shape to those of a
free mixing region until r/ro approaches 1.6. Then the effects
of the velocity maximum are felt. The correlation goes
through zero and the intensities through minima. The inflec-
tion point in the %'y’ curve coincides approximately with its
zero point. The downstream wall region is essentially un-
changed from the initial region.

It should be pointed out that the largest errors in measure-
ment of the correlation occur near and at the zero values and
that the axial location of these values are in doubt and cannot
be cross-plotted accurately. However, Fig. 5 is a cross-plot
of the locations of the zeroes of w’»’ from Fig. 4, and the zeroes
of Ou/0r from Figure 1. In the so-called undisturbed inner
stream region the Ou/Or = 0 curve starts just inside the inner
duet wall and reaches the centerline very shortly downstream,
at approximately z/rp = 1.2. However, the uv’ = 0 curve
does not reach the centerline until z/ro = 4. The region be-
tween these two curves is characterized by a positive value
of ou/dz. A region where u’v’ and du/Or have the same sign
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has been called a region of opposing shear.* This region of
opposing shear is apparently dominated by the concentrated
vortex sheet between 1<r/r¢<<1.6 which induces a velocity
component upstream.® The region between the zeroes of
'y’ and Ou/Or near r/ro = 1.6 and z/ro > 5 is also a region of
opposing shear and is similar in nature to the region of oppos-
ing shear found in wall jets.* This second region of op-
posing shear is one in which 0u/0z is negative. In summary,
for this axisymmetric flowfield, there appear to be two regions
of opposing shear (where u'v’ and du/dr have the same sign)
one in which the sign of du/0z is negative and one in which it
is positive.
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A Recurrence Relationship for
Parameter Estimation via Method
of Quasi-Linearization and its
Connection with Kalman Filtering
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Introduction

EFORE the age of high-speed digital computers,! the
estimation of parameters and state for nonlinear dy-
namical systems had been a challenging and difficult task.
Although this task has been made somewhat easier with the
aid of high-speed computers, an ultimate solution is still out
of reach. Goodwin? recently compared several off-line
deterministic, measurement-error methods for the parameter
and state estimation of nonlinear systems. These techniques
consist of the simplified gradient method,* conjugate gradient
methods,®” Goodwin’s modified Newton procedures,®5 and
the quasi-linearization method.'3:1* For the specific nonlinear
system Goodwin considered, the results showed that the
rate of convergence of the modified Newton methods and the
method of quasilinearization are superior. Experiencels-1
gained in the identification of the stability and control pa-
rameters of aircraft has also indicated that the method of
quasi-linearization is better than the gradient methods.

The success experienced in state estimation using an ex-
tended Kalman filtering”® method in aerospace applications
in the early sixties has encouraged broader applications in
industry, particularly in chemical engineering.l’-** How-
ever, in the absence of statistical information concerning the
measurement noise and the process noise, the results obtained
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from the deterministic, least-square viewpoint would seem
to have more engineering appeal. Detchmendy and Sridhar®
applied the technique of invariant imbedding and obtained a
sequential algorithm for the state and parameter estimation of
nonlinear systems with measurement and process noise. This
generalized the results of Bellman and others'® which treated
only the measurements error. However, it is interesting to
note that Detchmendy’s algorithm is identical to the ex-
tended Kalman filtering if the output is a linear operation on
the state and weighting matrices are chosen to be the inverse
of the corresponding covariance matrices of the noise. In
view of the popularity of the quasilinearization and Kalman
filtering methods, it seems desirable to establish a relationship
between these two methods. With the assumption that pro-
cess noise is absent, the relationship between the two methods
is established in this Note.

Method of Quasi-Linearization

This method is also referred to as Gauss-Newton procedure,
parameter-influence-coefficient method, “modified” Newton-
Raphson method, ete. It is concerned with the following
problem.

Given a nonlincar dynamic system along with its measure-
ment system

& = flapd), 2t = a (1a)
y =gt +v (1b)

where z is the state vector (n vector); p is the parameter
vector (r vector); y is the output vector (m vector); fand ¢
are vector functions of appropriate dimension; and v is the
error vector of the measurements.

Find an estimate of the parameter vector p and initial con-
ditions a which minimize

=2 [ w6~ sl — gwlar (1)

where T' denotes transposition, ¢; the final time, and W is a
positive definite symmetrical weighting matrix.

The method of quasi-linearization!®-15 begins with the linea-
rizations of the trajectory and the output about the old
estimates p and &;

2(@ + Ae,p + Ap) ~ (&) + [gx 2;][22] @

o) = guepn+ L[5 E ] @

The sensitivity matrices dz/da and Ox/dp are obtained
from the solution of the following set of linear time-varying
differential equations:

d fox\ _ (of\fox oz B
dt <3a> - <bx><aa>’ o O = I (42)

d fox\ _ (of of oz
<0p)_<ax>< >+0p op = (4b)

where I, is the nth order identity matrix.
Equating the gradient V,*J [evaluated at the new estimate
p*, where p* = col(a?, pT)] to zero yields a new estimate

ijnew* = ﬁold* + Ap*

e [ fuToem/0a)(0g\" - (30 (0 oz, |
s = (LU IE) GG )
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where the Jacobian matrices Of/0z, Of/0p, 0g/dz, and the
computed output g(&t) are evaluated at the old estimate
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